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Abstract: Let G(V,E) be a simple graph of order n with vertex set V and
edge set E. Let (u,v) denotes an unordered vertex pair of distinct vertices of
G. The i-common neighbor set of G is defined as N(G,7) = {(u,v) : u,v €
Viu # v and |N(u) N N(v)| =i}, for 0 < i < n — 2. The polynomial N[G;zx] =
25162) |IN(G,1)|z" is defined as the common neighbor polynomial of G. A root of
the polynomial N[G;z] is defined as the common neighbor root of the graph G. In
this paper we study the stability of common neighbor polynomial of some graphs.
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1. Introduction

Let G(V, E) be a simple graph of order n with vertex set V and edge set E. Let
(u,v) denotes an unordered pair of distinct vertices of G. The i-common neighbor
set of G is defined as N(G,i) := {(u,v) : u,v € V,u # v and |N(u) N N(v)| = i},
for 0 < ¢ < n — 2. The polynomial N[G;zx] = 25182) |IN(G,i)|2" is defined as the
common neighbor polynomial of G [3]. In [3] the present authors introduced the
common neighbor polynomial of graphs and derived the common neighbor polyno-
mial of some well known graphs. Moreover, the common neighbor polynomial of
some graph operations were discussed in [4]. A zero of the polynomial N[G;z] is
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defined as the common neighbor root of the graph G.

A polynomial f(z,...,x,) is said to be stable [6] with respect to a region 2 C C™
if no root of f lies in 2. Polynomials which are stable with respect to the open left
half plane and with respect to the open unit disk are called Hurwitz polynomial
and Schur polynomial respectively. Hurwitz polynomials are important in control
systems theory, because they represent the characteristic equations of stable linear
systems [1]. A graph polynomial is worthwhile to study only if it models some
stable physical systems. This motivates the authors to study the stability of com-
mon neighbor polynomial of some graphs. In this paper we study the stability of
common neighbor polynomial with respect to the open left half plane and thus
identify the conditions under which the common neighbor polynomial of certain
graph classes become a Hurwitz polynomial. All the graph theoretic terminology
and notations used in the paper are as in [2].

2. Main Results

Theorem 1. Zero is a common neighbor root of a graph G if and only if any pair
of vertices of G has atleast one common neighbor.

Proof. Let G be a graph with n vertices. Let zero be a root of N[G;x]. Then
NI[G;z] = z g(x), where g(z) is a polynomial of degree one less than that of N[G; x].
Then the constant term of N|G; x| is zero and hence the result follows. Conversely,

assume that any pair of vertices of GG has atleast one common neighbor. Then
IN(G,0)| = 0. It follows that x is a factor of N|[G;z].

Theorem 2. Zero is the only common neighbor root of a graph G if and only if
any two pairs of vertices of G has same number of common neighbors.

Proof. First assume that zero is the only common neighbor root of a graph G
with multiplicity k. Then N|[G;z] is of the form Kx* for some constant K. Since,
SZIN(GL )| = (5).(see [3]) it follows that K = (}). Thus, N[G;z] = (})z* and
so all the pairs of vertices of G has k& common neighbors. Conversely, assume that
all the pairs of vertices of G has exactly & common neighbors. Then the result

follows from the fact that N[G;z] = (5)z*.

Example 3. Zero is the only common neighbor root of the complete graph K, with
multiplicity n — 2.

Theorem 4. (0,00) is a zero-free interval of the common neighbor polynomial
N|G; x| of any graph G.

Proof. The result follows from the fact that all the coefficients of N[G;z] are
non-negative.
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Lemma 5. (see [3]) For a path P, with n > 2 vertices, we have

N[Pya] = (n—2)z+ (”;1) Iy

Theorem 6. Let P, be a path with n > 2 vertices. Then N|Py,;x] is stable.
—(n—1)(Mn-2)—-2

2(n —2)
lie in the left half plane since n > 2. Hence the result follows.

which

Proof. From lemma 5, N[P,; x] has a single root © =

Lemma 7. (see [3]) For a cycle C,, with n > 3 wvertices,

n(n—3)
. nr+ =5, n>2n#4
N[Cn;x] — {21’2 + 47 n = 4

Theorem 8. N|[C,;z]| is stable unless n = 4.

Proof. If n = 3, N[Cs;z] = 3z. In this case, zero is the only root of N[Cjs;x]. If
n # 3 or 4, then N|[C,;z| has a single root © = —(n — 3)/2 which lie in the left
half plane. If n = 4, the roots of N[Cy; z] are given by = = 41/2i. Hence N|[Cy; x]
is not stable as it has roots in the right half plane.

Theorem 9. Let G be a graph with common neighbor polynomial N|[G; x| of degree
2. Then the following hold:

1. If N(G,0) = ¢ and N(G,1) # ¢, then N|G;zx] is a stable polynomial.
2. If N(G,0) # ¢ and N(G,1) = ¢, then N[G;x] is not a stable polynomial.
Proof. Since N[G;z] is of degree 2, |[N[G, 2]| # 0. We consider the two cases:

1. Let N(G,0) = ¢ and N(G, 1) # ¢. In this case, the roots of N[G; x] are given
by z =0 and x = —|N(G,1)|/|N(G,2)|. It follows that N[G;x] is stable.

2. Let N(G,0) # ¢ and N(G,1) = ¢. Then the roots of N|[G;z] are given be
r==£(|N(G,0)]7)/|IN(G,2)|. Since N[G;x] has roots in the right half plane,
N|G; z] is not stable.

This completes the proof.
A Wheel graph W,,,n > 3 is obtained by taking the join of the cycle C),_; and K.

Corollary 10. N[W,;z]| is stable unless n = 5.
Proof. We have (see [3]),

n—1)(n—4 .
N[, 2] = {%x +2(n—1)a?, if n #5,

223 4 42° + 4z, if n=>.
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When n = 4, N[W,; x| = 62% which has only one root namely zero. When n = 5,
the common neighbor roots of W,, are x = 0,—1 + 4. In this case, N[W,,;z] is
not stable. When n # 4 or 5, N[W,;z] is of degree 2 with N(WW,,0) = 0 and
N(W,,1) # 0. So the result follows from Theorem 9.

A shell graph S,, where n > 3 is obtained from the cycle graph C,, by adding the
edges corresponding to the (n — 3) concurrent chords of the cycle.The vertex at
which all the chords are concurrent is called the apex of the shell.

Corollary 11. N[S,;z] is stable.

Proof. We have, N[S,; 2] = 2(n — 3)2 + ((",?) + 3) .(see [3])

Since n > 3, N|[S,;x] satisfies the conditions of first part of Theorem 9. Hence it
is stable.

A bow graph is a double shell with same apex in which each shell has any order.
Corollary 12. If By is a bow graph where N > 5, N[By;x] is stable.

Proof. We have (see [3]), N[By;z] = 2(N — 5)z% + [w + 10] x.

Since n > 5, N[B,; x| satisfies the conditions of first part of Theorem 9. Hence it

is stable.
Here we need the following:

Theorem 13. (Routh-Hurwitz Criteria [7]) Given a polynomial, P(x) = x™ +

a1 2" . A an_1x+ag, where the coefficients a; are real constants, i = 1,2,...,n
define the n Hurwitz matrices using the coefficients a; of the above polynomial as
Hy = [a] Hy = {Z; (112]
(@, 1 0 0 -+ O]
a; 1 0 ag ay a; 1 -+ 0
H3 = |a3 ag a1 cee Hn = |G5 a4 as ag 0
as a4 a3 S
0o 0 0 0 - a,

where a; = 0 if j > n. All the roots of the polynomial ]5(55) are negative or have
negative real part if and only if the determinants of all Hurwitz matrices are positive:
det Hi >0,j=1,2,...,n.

A Lollipop graph L, ; is obtained by joining K, to a path of length 1 with a bridge.

Corollary 14. If L, is the Lollipop graph with n + 1 vertices, then N[L,1;x] is
stable if and only if n = 4.

Proof. We have, N[L,1;z] = (})2" 2 + (n — 1)z + 1.(see [3])

When n =4, N[Ly,; 2] = 62% 4+ 3z + 1. So considering the polynomial 2% 4 1z + ¢,
the determinants of Hurwitz matrices are given by, |H;| = 5 and |Hs| = 15. Since
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all the determinants are positive, it follows that N[L4;x] is stable. When n > 4,
the result follows from the fact that the determinant of first Hurwitz matrix of
NI[L,1; x] is zero.

The n- barbell graph B, ; where n > 1 is a graph obtained by connecting two
copies of complete graph K, by a bridge.

Corollary 15. If B, is the n-Barbell graph with 2n vertices, then N[B,, ;x| is
stable if and only if n = 4.

Proof. We have, N[B, ;2] = 2(3)2" 2 4+ 2(n — 1)z + (n — 1)* + 1(see [3]). Now
the proof is similar to the proof of Corollary 14.

The bipartite Cocktail party graph B,, is the graph obtained by removing a perfect
matching from the complete bipartite graph K, .

Corollary 16. If B, is the bipartite cocktail party graph, then N|[B,;x] is stable
if and only if n = 3.

Proof. We have, N[B,;z] = 2(5)2"% 4+ n?(see [3]). Now the proof is similar to
the proof of Corollary 14.

The Windmill graph W™ is obtained by taking m copies of K, with a vertex in
common.

Corollary 17. If W\™ s the Windmill graph, then N[an);x] is stable if and
only if n = 4.

Proof. We have, N[W\™: z] = m(5)z" 2 + (5)(n — 1)%z(see [3]). Now the proof
is similar to the proof of Corollary 14.

Theorem 18. Let G be a graph with common neighbor polynomial N|G;zx| of
degree 2 where |[N(G,i)| > 0 for i = 0,1,2. Then N|G;z| is stable. Moreover,
N[G; ] has two negative real roots if [N(G,1)|* > 4|N(G,2)||N(G,0)| and N[G; z]
has two complex roots with negative real parts if |[N(G,1)|> < 4|N(G,2)||N(G,0)] .
Proof. Since N[G;z] is a polynomial of degree 2, N[G;x] can be represented in

the form N[G;z] = |N(G,2)|z* + |N(G,1)|z + |N(G,0)|. The Hurwitz matrices of
IN(G,1)|

1
N|G; x] are given by H; = [l%gg ;)HandH = |N(8’2)‘ NG |- Since [N (G, 1)| >
IN(G,2)]

0 for + = 0,1, 2; it follows that det H; > 0 and det Hy > 0. Hence by Theorem 9,
N|G; z] is stable so that all the roots of N[G} z] lie in the left half plane. Moreover,
the discriminant of N|[G; z] is given by A = |[N(G, 1)|>*—4|N(G, 2)||N(G,0)|. Then
N[G; z] has 2 real roots if A > 0 and has two complex roots if A < 0. Hence the
result follows.

A helm, H,,n > 3 is obtained from a wheel graph W,, by adding pendent edges to
every vertices on the wheel rim.
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Corollary 19. If H,,, n > 3 is a helm graph with 2n — 1 vertices, then N[H,;x] is
stable. Moreover, N[H,;z| has two negative real distinct zeros if n > 40 and has

two complex zeros with negative real parts if n < 40.
Proof. We have, (see [3]),

_1)2 o (n=D)(n+2) (n=1)(3n—8) .
N[H,: 2] = 2(n — 1)z* + 5 T+ 5 , ifn#b5
203 + 42% + 167 + 14, if n=>5.

We consider two cases.

1. Let n = 5. In this case, N[Hj; 2] = 22° + 42® + 162 + 14. So considering the
equation, 234222 +8x+7 = 0, the values of the determinants of corresponding
Hurwitz matrices are given by, |H;| = ‘2‘ =2, |Hy| =9 and |H3| = 63. Since
determinants of all Hurwitz matrices are positive, by Theorem 13, N[Hs; z]
is stable.

2. Let n # 5. Since n > 3, N|[H,; x| satisfies the conditions of Theorem 18 and
hence it is stable. Moreover, the discriminant of N[H,; x] is given by,

A= 02  gdn 4132

Now n > 3 and A > 0 implies that n > 40. Hence the result follows from
Theorem 18.

A web graph W B,,,n > 3 is obtained by joining the pendent vertices of a helm H,
to form a cycle and then adding a single pendent edge to each vertex of this outer
cycle.

Corollary 20. If WB, is a web graph with 3(n — 1) vertices, then N[W By; x| is
stable. Moreover, N[W B,,; x| have two real distinct roots if n > 241 and have two
complex roots with negative real parts if n < 241.

Proof. We have, (see [3]),

A(n — 1)2? OO 4 (1) (4n —10), ifn #5

N\WBy; x| =
| | {2:53 + 1422 4 202 + 42, if n = 5.

We consider two cases.

1. Let n = 5. In this case, N[W B,; x| = 223 + 142% + 20z + 42. So considering
the equation, z® + 722 + 10z + 21 = 0, the values of the determinants of
corresponding Hurwitz matrices are given by, |Hy| = 7, |Hy| = 49 and |H3| =
1029. Since determinants of all Hurwitz matrices are positive, by Theorem
9, N[W Bs; z] is stable.
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2. Let n # 5. Since n > 3, N[W B,,; x] satisfies the conditions of Theorem 13
and hence it is stable. Moreover, the discriminant of N[W B,,; ] is given by,

A = 050 2 — 244n + 676

Now n > 3 and A > 0 implies that n > 241. Hence the result follows from
Theorem 18.

A butterfly graph is a bow graph along with exactly two pendent edges at the apex.

Corollary 21. If WF is a butterfly graph with N > T vertices, then N[W F; x| is
stable.
Proof. We have, (see [3]),

N[BF;x] = 2(N — 7)x* + lM

12 2.
7 + }x—l—

Since N > 7, N[BF; z| satisfies the conditions of Theorem 18 and hence it is stable.

Theorem 22. If K,,,, is a complete bipartite graph with m + n vertices, where
n > m then N[K,, ;] is stable if and only if n =2 and m = 1.

Proof. We have, N[K,, ,;z] = ()z" + (§)z™ + mn where n,m > 2.(see [3])
Clearly, the condition is sufficient since, N[K; 2] = = + 2 which has root z = —2
lying in the left half plane.

To prove the necessary part, we consider two cases.

Case(i) Let n —m =1
In this case N[K,, ;] can be expressed as,

N[Knniz] = (3)[" + az"™! + ay], where a1 = % and a, = %

2 2
Now, considering the polynomial 2" + a,2" " + a,, the determinants of first
aq 1

az a2

two Hurwitz matrices are given by |H;| = a1 > 0 and |Hy| =

ajas >01f n=2
—az3 < 0if n=3
0 if n>4
Hence determinants of all the Hurwitz matrices are positive only if n = 2.
Then by the assumption of Case(i), m = 1.
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Case(ii) Let n —m > 1

Then the determinant of first Hurwitz matrix of N[K, ,;x] itself is zero for
all m,n.

Hence from Theorem 13, it follows that N[K,,,;x] is stable only if n = 2 and
m = 1.
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